We study the propagation of electromagnetic waves (EMWs) in both isotropic and anisotropic ferromagnetic material media. As the EMW propagates through linear chargefree isotropic and anisotropic ferromagnetic media, it is found that the magnetic field and the magnetic induction components of the EMW and the magnetization excitations of the medium are in the form of solitons. However, the electromagnetic soliton gets damped and decelerates in the case of a charged medium. In the case of a charge-free nonlinear ferromagnetic medium we obtain results similar to those for the linear case.
Introduction
Electromagnetic wave (EMW) propagation through ordered magnetic material media has assumed lot of importance in recent times in the field of magneto optics [11] . In this direction, some time ago Nakata [7] and Leblond [6] separately studied the EMW propagation in a ferromagnetic medium without taking into account the exchange interaction in ferromagnets and found soliton excitations of magnetization of the medium. In this paper, we present the results of EMW propagation in an isotropic charge-free (both linear and nonlinear) as well as charged ferromagnetic material media by taking into account the basic spin-spin exchange interaction. Our study is based on the interaction of the magnetic field component of the EMW with the magnetization of the ferromagnetic medium. The dynamics of magnetization M.r; t/ in a ferromagnet in the classical continuum limit are in general governed by the Landau-Lifshitz (LL) equation with Gilbert damping [5] 
104 V. Veerakumar and M. Daniel [2] where M eff represents the effective field due to various magnetic interactions including interaction with the external magnetic field. Here the suffix t represents partial differentiation with respect to time. To study the propagation of EMWs in any material media we have to consider Maxwell's equations describing the dynamics of the electromagnetic field [4] .
Here E = .E x ; E y ; E z / is the electric field, B = .B x ; B y ; B z / is the magnetic induction, H = .H x ; H y ; H z / is the magnetic field, ž 0 is the dielectric constant of the medium, ² is the charge density and J is the current density. For slowly-moving charges the current density given above takes the form J = ¦ E, where ¦ is the conductivity of the medium. Using this and (2a) in the continuity equation for the free current given by ∇ · J = −@²=@t, we obtain ².t/ = ².0/ exp .−¦ t=ž 0 /. This shows that any initial free charge density ².0/ dissipates and therefore the first equation of (2a) takes the form ∇ · E = 0. Now, taking curl on both sides of the second equation of (2b) and using the second relation of (2a) and the first of (2b) and after a little algebra, Maxwell's equations can be put in the form
Thus the set of coupled equations (1) and (3) completely describe the propagation of an EMW in a ferromagnetic medium and by solving them, we will obtain the nature of propagation of the EMW in the ferromagnetic medium and the magnetization dynamics of the medium. Therefore in the next section we solve them in the case of one spatial dimension for specific magnetic interactions.
An electromagnetic soliton in an isotropic ferromagnetic medium
A. Charge-free medium The effective field due to spin-spin exchange interaction and interaction with an external field in the case of an isotropic ferromagnet can be written as
When there are no free charges present in the medium the term proportional to Gilbert damping in (1) is irrelevant and hence the LL equation in this particular case ((1) when Þ = 0) can be written as
where A = g¼ b , g is the gyromagnetic ratio, ¼ b the Bohr magneton andĴ represents the exchange integral. Here H represents the external magnetic field which in our case is taken as the magnetic field component of the propagating EM field. In the case of untreated ferromagnetic materials, the magnetization M, the magnetic induction B and the magnetic field H are connected by the linear relation H = B=¼ 0 − M, where ¼ 0 is the permeability of the ferromagnetic material [4] . After using the above relation and dropping the term proportional to ¦ , (3) can be written as
Here c = 1= √ ¼ 0 ž 0 is the velocity of propagation of the EMW in the medium. Equations (4) and (5) govern the propagation of EMWs in a charge-free isotropic ferromagnetic medium. We solve the above equations in the one-dimensional case after making a multiple scaling and perturbation analysis [2, 12] . For this we introduce the wave variable3 = x − vt and stretch the wave and time variables by introducing ¾ = "3, − = " 3 t, where ž is a very small parameter. We then expand B and M [2, 12] (4) and (5), collect the coefficients of different powers of " and solve the resultant equations. The results at O." 0 / show that the magnetization M 0 is restricted to the (y-z) plane ( = ³=2) and hence we choose
2 / after using the results of O." 0 / and O." 1 / (after lengthy calculations), we finally obtain (for details see [2] )
where
Equation (6) is the well-known completely integrable modified Korteweg-de-Vries (mKdV) equation possessing N -soliton solutions [14] . For instance, the one-soliton solution of (6) can be written as f = 2a sech a , where = ¾ − Á− , a 2 = Á=¼ and Á = constant. Knowing f , Â can be calculated and hence we obtain the y and z components of magnetization at the lowest existing order as M Figures 1 (a) -(c). 
B. Medium with free charges
When there are free charges present in the medium, one expects damping and the LL equation in this case should be the complete version of (1) with Gilbert damping.
Now the set of coupled equations (3) and (7) describe the EMW propagation in the ferromagnetic medium with free charges. Following the same procedure as in the case of charge-free medium [12] , by choosing the conductivity ¦ as ¦ = " 3 ¦ and the damping parameter as Þ = "Þ, after lengthy calculations we end up with a perturbed mKdV equation with a dissipation term Þ J .@ 2 f =@¾ 2 /, which upon making the transformations f → f =2 and − → ¼−=2 becomes Figure 2 (a), (ii) damping of the magnetization soliton which is shown in Figure 2 (b) and (iii) the distortion of the magnetization soliton at one end which is illustrated in Figure 2 (c).
An electromagnetic soliton in an anisotropic ferromagnetic medium
A. Linear medium In nature, not all ferromagnetic materials are isotropic. The spinorbit coupling of the ferromagnetic ion in the medium may interact with the crystal field of diamagnetic ions thus creating an easy axis or easy-plane-type anisotropy. The anisotropy of the medium due to the crystal field effect can be introduced by inducting a term of the form −2þ M x n to the effective field where þ is the anisotropy parameter and n = .1; 0; 0/. The undamped LL equation ( (1) when Þ = 0) in this case takes the form
Here the anisotropic axis (easy axis) is chosen to be along the direction of propagation of the EMW (x-direction). The set of coupled equations (9) and (5) explain the EMW propagation in an anisotropic ferromagnetic medium. Now we solve them after stretching the wave variable to the same extent as in the previous cases and the time variable by − = " 2 t. Also, we rescaleĴ and þ asĴ → "Ĵ and 2þ → " −1 þ. Due to the anisotropic nature of the medium here we nonuniformly perturb [13] the magnetization as
+ · · · , and also the magnetic induction in the same way. Now we solve the coupled equations (9) and (5) in one dimension using the same perturbation analysis. At O." 0 /, we obtain the relation B 
While writing (10) we have used the transformation X = ¾ + þ=Ĵ and considered v=M 0 Ĵ . The N -soliton solution of (10) can be obtained using
Hirota's bilinearisation procedure [3] . Using the same procedure it is found that the one-soliton solution [9] of (10) takes the form
Here Á 0 is a complex constant and G is a real parameter used in Hirota's bilinearisation technique. Further, the N -soliton solution can also be constructed as done in [9] . Using (11) in the relation for and | | 2 and also in the relation connecting the magnetic induction and the magnetization, we obtain the components of magnetic induction and the magnetic field. The above results show that the excitation of magnetization, the magnetic induction and hence the magnetic field of the EMW are highly localized and appear in the form of solitons. (12) Similarly, using the nonlinear relation in (3) and solving it with the LL equation (12) as done in the linear anisotropic case [13] at O." 1 / by making the transformation .Á;t/ = q.Á;t/e i .−Á+t=18/=6 where Á = ¾ + −=18 andt = − and after rescaling − as as −.4Až 0 k 2 v=Ĵ ¼ 0 /− , we finally obtain
B. Nonlinear medium
While writing (13) we have chosen Ak = 3Ĵ ¼ 0 M 0 , þ =Ĵ =36, u = −1=2M 0 and assumed v=M 0 Ĵ . Equation (13) is the well-known integrable nonlinear evolution equation proposed by Sasa and Satsuma [10] while studying the integrability aspects of generalised nonlinear Schrödinger equations and the N -soliton solutions were obtained by them using the inverse scattering transform method after finding the Lax pair. Equation (13) also describes the propagation of optical pulses through dielectric fibre medium when the higher order effect of the medium, namely the Raman process, is taken into account [8] . For example, the one-soliton solution of (13) can be written as [10] q.
Here Ä 2 = Ä 0 + 1=6, Á .1/ = Ä 0Á .1/ =Ä and Ä 0 and Ä 1 are real parameters and Á .0/ and Á .1/ are real phase constants used in the inverse scattering technique. As before using the above one-soliton solution and successive transformations we obtain the onesoliton solution for and finally the components of magnetic induction and hence the components of the magnetic field. This clearly shows that the nonlinearity of the medium has modulated the magnetic field component of the EMW in the form of a soliton.
Conclusions
We have found that the propagation of EMWs in a charge-free isotropic ferromagnetic medium is governed by soliton modes. While soliton excitations of the magnetic induction are restricted to the plane normal to the direction of propagation, the magnetic field is restricted to the normal plane at the leading order of perturbation and comes out at higher orders during propagation. However, when free charges are added to the isotropic medium the electromagnetic soliton decelerates, the amplitude of the soliton decreases and the shape of the soliton is distorted. Also when the EMW propagates in a charge-free anisotropic (linear and nonlinear) ferromagnetic medium, the magnetic field component of the electromagnetic field and the magnetization of the medium are identified in the form of solitons.
